Abstract. In this paper, we consider a generalized Ricci flow with a given 3-from (it's not necessarily closed) and establish the higher derivatives estimates for compact manifolds. As an application, we prove the compactness theorem for this generalized Ricci flow. Our work can be viewed as an extension of J. Streets [8] in which he considered a generalized Ricci flow with a closed 3-form.
Introduction
The 2-dimensional nonlinear sigma model is a quantum field theory of maps X i from a 2-dimensional Riemannian manifold (Σ, h) to another Riemannian manifold (M, g). We let ǫ be the volume element of Σ and let R(h) denote the scalar curvature of Σ associated to metric h. Then the sigma model action is given by
where (σ 1 , σ 2 ) are coordinates on Σ, α ′ is the constant, and g ij , B ij = −B ji , and Φ are the target space metric, B-field, and dilaton respectively. The first order renormalization group (RG) flow [6] Therefore the Ricci flow is derived by setting B = 0, i.e., Ricci flow is a RG flow with zero B-field.
This is the first of a series papers in which we study the Ricci flow with nonzero B-field, called the generalized Ricci flow (GRF). Here "generalized" refers to the flow with a nonzero 3-form.
Let (M, g ij (x)) denote an n-dimensional compact Riemmannian manifold with a 3-form H = {H ijk }. In this paper we consider the following GRF on M: ∂ ∂t g ij (x, t) = −2R ij (x, t) + 1 2 H ikl (x, t)H j kl (x, t), (1.1) ∂ ∂t H(x, t) = g(x,t) H(x, t), H(x, 0) = H(x), g(x, 0) = g(x). (1.2)
Here g(x,t) 1 is the Laplace-Beltrami operator associated to g(x, t). Finally, we consider a kind of generalized Ricci flow including this case.
We use the following definitions of curvatures. The Ricci curvature tensors, and scalar curvatures are given by
respectively. For any two tensors T := {T ijkl } and U := {U ijkl } we define the inner product of T and U,
and then the norm of T is denoted by
We also denote by ∇T ijkl the covariant derivatives of {T ijkl } with respect to the metric g, and ∇ m T ijkl the m th covariant derivatives of {T ijkl }. The
Laplace operator of g is given by ∆ g := g ij ∇ i ∇ j .
Throughout this paper we denote by C the universal constants depending only on the dimension of M or some other constants, which may take different values at different places.
When H(x) is closed, we should consider a refined generalized Ricci flow (RGRF): ∂ ∂t g ij (x, t) = −2R ij (x, t) + 1 2 H ikl (x, t)H j kl (x, t), ∂ ∂t H(x, t) = −d g(x,t) d * g(x,t) H(x, t), H(x, 0) = H(x), g(x, 0) = g(x).
Here d * g(x,t) is the dual operator of d with respect to the metric g(x, t), and actually d g(x,t) is the exterior derivative d itself.
Lemma 1.1. Under RGRF, the 3-forms H(x, t) are closed if the initial value H(x) is closed.
Proof. Since the exterior derivative d is independent of the metric, we have
There is a unique solution to GRF for a short time.
More precisely, let (M, g ij (x)) be an n-dimensional compact Riemannian manifold with a 3-form H = {H ijk }, then there exists a constant T = T (n) > 0 depending only on n such that the evolution system ∂ ∂t g ij (x, t) = −2R ij (x, t) + 1 2 g kp (x, t)g lq (x, t)H ikl (x, t)H jpq (x, t), ∂ ∂t H(x, t) = g(x,t) H(x, t), H(x, 0) = H(x), g(x, 0) = g(x), has a unique solution (g ij (x, t), H ijk (x, t)) for a short time 0 ≤ t ≤ T .
After establishing the local existence, we are able to prove the higher derivatives estimates for GRF. Precisely, we have the following theorem Theorem 1.4. Suppose that (g(x, t), H(x, t)) is a solution to GRF on a compact manifold M n and K is an arbitrary given positive constant. Then for each α > 0 and each integer m ≥ 1 there exists a constant C m depending on m, n, max{α, 1}, and K such that if
As an application, we can prove the compactness theorem for GRF.
Then there exists a subsequence {j k } k∈N such that
The case of H closed is very important in physics. Recently, J. Streets [8] considered the connection Ricci flow in which H is the torsion of connection and proved all of the results. The authors in [7, 8] have already proved the similar results for Ricci Yang-Mills flow. Using the similar method, the above results are easily extended to a kind of generalized Ricci flow introduced in [5] . We will discuss it in the last section.
The rest of this paper is organized as follows. In Sec.2, we prove the short-time existence and uniqueness of the GRF for any given 3-form H. In Sec.3, we compute the evolution equations for the Levi-Civita connections, Riemann, Ricci, and scalar curvatures of a solution to the GRF. In Sec.4, we establish higher derivative estimates for GRF, called Bernstein-Bando-Shi(BBS) derivative estimates(e.g., [1] or [2] ). In Sec.5, we prove the compactness theorem for GRF by using BBS estimates. In Sec.6, based on the work of [5] , we prove the higher derivatives estimates and the compactness theorem for a kind of generalized Ricci flow.
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Short-time existence
In this section we establish the short-time existence for GRF. Our method is standard, that is, DeTurck trick which is used in Ricci flow to prove its short-time existence. We assume that M is an n-dimensional compact Riemannian manifold with metric
and with Riemannian curvature tensor { R ijkl }. We also assume that H = { H ijk } is a fixed 3-form on M. In the following we put
Suppose the metrics
for a short time 0 ≤ t ≤ T . Consider a family of smooth diffeomorphisms
Then we have
2 In the following computations we don't need to use the evolution equation for H(x, t), hence we only consider the evolution equation for metrics.
By the assumption g αβ (x, t) are the solutions of
h ij , h ij , h ij to denote the Ricci curvatures, Christoffel symbols, covariant derivatives, and products of the 3-form H with respect to g ij , g ij , g ij respectively. Then
According to DeTurck trick, we define y(x, t) = ϕ t (x) by the equation
where (2.13)
Lemma 2.1. The evolution equation (2.12) is a strictly parabolic system. Moreover,
Proof. It is an immediate consequence of Lemma 2.1 of [7] . Now we can prove the short-time existence of GRF.
More precisely, let (M, g ij (x)) be an n-dimensional compact Riemannian manifold with a 3-form H = {H ijk }, then there exists a constant T = T (n) > 0 depending only on n such that the evolution system
has a unique solution (g ij (x, t), H ijk (x, t)) for a short time 0 ≤ t ≤ T .
Proof. We proved that the first evolution equation is strictly parabolic by Lemma 2.1. Form Bochler formula, we have g(x,t) H = ∆ g(x,t) H + Rm * H which is also strictly parabolic. Hence from the standard theory of parabolic systems, the evolution system has a unique solution.
Evolution of curvatures
The evolution equation for the Riemann curvature tensors to the usual Ricci flow (e.g., [1] , [2] , [3] ) is given by
and B ijkl = g pr g qs R piqj R rksl . From this we can easily deduce the evolution equation for the Riemann curvature tensors to GRF.
Let v ij (x, t) be any symmetric 2-tensor, we consider the flow
Then the evolution equation for Riemann curvature tensors is
Applying to our case v ij := −2R ij + 1 2 h ij where h ij = H ikl H j kl , we obtain
Proposition 3.1. For GRF we have
In particular, Corollary 3.2. For GRF we have
From above proposition, we obtain
On the other hand, h = H * H and
Combining these terms, we yield the result.
Proposition 3.3. For GRF we have
and
it follows that
From these identities, we get the result.
As a consequence, we obtain the evolution equation for scalar curvature.
Proposition 3.4. For GRF we have
Proof. From the usual evolution equation for scalar curvature under the Ricci flow, we have
Simplifying the terms, we obtain the required result.
Derivative estimates
In this section we are going to prove BBS estimates. At first we review several basic identities of commutators [∆, ∇] and [
is a t-dependency tensor, and
Applying above formulas on GRF, we have
More generally, we have Proposition 4.1. For GRF and any nonnegative integer l we have
Proof. For l = 1, we have proved before the proposition. Suppose that the formula holds for 1, · · · , l. By induction to l, for l + 1 we have
Simplifying these terms, we obtain the required result.
As an immediate consequence, we have an evolution inequality for
Corollary 4.2. For GRF and any nonnegative integer l we have
where C are universal constants depending only on the dimension of M.
Next we derive the evolution equations for the covariant derivatives of H. Proposition 4.3. For GRF and any positive integer l we have
Proof. From the Bochner formula, the evolution equation for H can be rewritten as
For l = 1, we have
Using (4.1) and the same argument, we can prove the evolution equation for higher covariant derivatives.
Similarly, we have an evolution inequality for |∇ l H| 2 .
Corollary 4.4. For GRF and for any positive integer l we have
Theorem 4.5. Suppose that (g(x, t), H(x, t)) is a solution to GRF on a compact manifold M n for a short time 0 ≤ t ≤ T and K 1 , K 2 are arbitrary given nonnegative constants. Then there exists a constant C n depending only on n such that if
for all x ∈ M and t ∈ [0, T ].
Proof. Since
using maximum principle, we obtain u(t) ≤ u(0)e
The main result in this section is the following estimates for higher derivatives of Riemann curvature tensors and 3-forms. Some special cases were proved in [8] , [9] , and [10] . Theorem 4.6. Suppose that (g(x, t), H(x, t)) is a solution to GRF on a compact manifold M n and K is an arbitrary given positive constant. Then for each α > 0 and each integer m ≥ 1 there exists a constant C m depending on m, n, max{α, 1}, and K such that if
Proof. In the following computations we always let C be any constants depending on n, m, max{α, 1},and K, which may take different values at different places. From the evolution equations and Theorem 4.5, we have
Consider the function u = t|∇H| 2 + γ|H| 2 + t|Rm| 2 . Directly computing, we obtain
If we choose γ = C, then 
As above, we define
and therefore, ∂u ∂t ≤ ∆u + C. Motivated by cases for m = 1 and m = 2, for general m, we can define a function
where β i and γ are positive constants determined later. In the following, we always assume m ≥ 3. Suppose
For such i, from Corollary 4.4, we have
Similarly, from Corollary 4.2 we also have
The evolution inequality for u now is given by
It's easy to see that the second term is bounded by
but this bound depends on t and approaches to infinity when t goes to zero. Hence we use the last second term to control this bad term. The evolution inequality for the third term is the combination of the following two inequalities
Therefore we have ∂u ∂t
where A is constant which is determined later, and noting that
It yields that
When we chose A and γ sufficiently large, we obtain ∂u ∂t ≤ ∆u + C which implies that u(t) ≤ C since u(0) is bounded.
Finally we give an estimate which plays a crucial role in the next section. , then there exists for each m ∈ N a constant C m depending on m, n, min{β, 1}, and K such that
for all x ∈ M and t ∈ [
Proof. The proof is the same as in [2] , we just copy it here. Let β 1 := min{β, 1}. For any fixed point t 0 ∈ [
. For t := t − T 0 we let g(t) be the solution of the system
The uniqueness of solution implies that g(t) = g(t + T 0 ) = g(t) for t ∈ [0,
]. By the assumption we have
for all x ∈ M and t ∈ [0,
]. Applying Theorem 4.5 with α = β 1 , we have
for all x ∈ M and t ∈ (0,
, T ] was arbitrary, the result follows.
Compactness theorem
In this section we prove the compactness theorem for our generalized Ricci flow. We follow Hamilton's method [4] on the compactness theorem for the usual Ricci flow.
We review several definitions from [2, Chapter 3] . Throughout this section, all Riemannian manifolds are smooth manifolds with dimensions n. The covariant derivative with respect to a metric g will be denoted by g ∇.
Definition 5.1. Let K ⊂ M be a compact set and let {g k } k∈N , g ∞ , and g be Riemannian metrics on M. For p ∈ {0} ∪ N we say that g k converges in C p to g ∞ uniformly on K with respect to g if for every ǫ > 0 there exists
Since we consider a compact set, the choice of background metric g does no change the convergence. Hence we can choose g = g ∞ for practice. 
A pointed Riemannian manifold is a 3-tuple (M, g, O), where (M, g) is a Riemannian manifold and O ∈ M is a basepoint. If the metric g is complete, the 3-tuple is called a complete pointed Riemannian manifold. We say that (M, g(t), H(t), O), t ∈ (α, ω), is a pointed solution to the generalized Ricci flow if (M, g(t), H(t)) is a solution to the generalized Ricci flow.
The so-called Cheeger-Gromov convergence in C ∞ is defined by
The corresponding convergence for the generalized Ricci flow is similar to the convergence for the usual Ricci flow introduced by Hamilton [4] . 
Here we denote by dt 2 the standard metric on (α, ω).
Let inj g (O) be the injectivity radius of the metric g at the point O. The following compactness theorem due to Hamilton does not depend on any flow.
Theorem 5.1. (Compactness for metrics (Hamilton, [4] )) Let {(M k , g k , O k )} k∈N be a sequence of complete pointed Riemannian manifolds satisfying (i) for all p ≥ 0 and k ∈ N, there is a sequence of constants C p < ∞ independent of k such that
As a consequence of Hamilton's compactness for metrics, we state our compactness theorem for GRF
(ii) there exists a constant ι 0 > 0 satisfies
In order to prove the main theorem in the section, we extend a lemma for Ricci flow to GRF. After establishing this lemma, the proof of Theorem 5.6 is similar as in [2, Theorem 3.10].
Lemma 5.3. Let (M, g) be a Riemannian manifold with a background metric g, let K be a compact subset of M, and let (g k (x, t), H k (x, t)) be a collection of solutions to the generalized Ricci flow defined on neighborhoods of K × [β, ψ], where t 0 ∈ [β, ψ] is a fixed time. Suppose that (i) the metrics g k (x, t 0 ) are all uniformly equivalent to g(x) on K, i.e., for all V ∈ T x M, k, and x ∈ K,
where C < ∞ is a constant independent of V, k, and x, (ii) the covariant derivatives of the metrics g k (x, t 0 ) with respect to the metric g(x) are all uniformly bounded on K, i.e., for all k and p ≥ 1,
where C p < ∞ is a sequence of constants independent of k, (iii) the covariant derivatives of the curvature tensors Rm(g k (x, t)) and of the forms H k (x, t) are uniformly bounded with respect to the metric g k (x, t) on K × [β, ψ], i.e., for all k and p ≥ 0,
where C ′ p is a sequence of constants independent of k. Then the metrics g k (x, t) are uniformly equivalent to g(x) on K × [β, ψ], i.e.,
where B(t, t 0 ) = Ce C ′ 0 |t−t 0 | (Here the constant C ′ 0 may not be equal to the previous one), and the time-derivatives and covariant derivatives of the metrics g k (x, t) with respect to the metric g(x) are uniformly bounded on
≤ C p,q for all k.
Proof. Before proving the lemma, we quote a fact from [2, Lemma 3.13, P133]: Suppose that the metrics g 1 and g 2 are equivalent, i.e., C −1 g 1 ≤ g 2 ≤ Cg 1 . Then for any (p, q)-tensor T we have |T | g 2 ≤ C (p+q)/2 |T | g 1 . We denote by h the tensor h ij := g kp g lq H ikl H jpq . In the following we denote by C a constant depending only on n, β, and ψ which may take different values at different places. For any tangent vector V ∈ T x M we have
and therefore
Integrating on both sides, we have
and hence we conclude that
From the assumption (i), it immediately deduces from above that
Since t 1 was arbitrary, the first part is proved. From the definition(or refer [2] , eq. (37), P134), we have
. On the other hand,
Since g Γ does not depend on t, it follows from the assumptions that
Integrating on both sides,
Hence we obtain
The equivalency of metrics tells us that
Since |t − t 0 | ≤ ψ − β, it follows that | g ∇g k (t)| g ≤ C 1,0 for some constant C 1,0 . But g and g k are equivalent, we have
From the assumptions, we also have
where ∆ g k is the Laplace operator associated to g k . Hence
For higher derivatives we claim that
for all p ≥ 1, where C ′′ p , C ′′′ p , and C p,0 are constants independent of k. For p = 1, we have prove the second inequality, so we suffice to prove the first one with p = 1. Indeed,
Suppose the claim holds for all p < N (N ≥ 2), we shall show that it also holds for p = N. From
we estimate each term. For i = 1, by induction and assumptions we have
For i ≥ 2, we have
Combining these inequalities, we get
Integrating the above inequality, we get | g ∇g k | g ≤ C N,0 and therefore
We have proved lemma for q = 0. When g ≥ 1, then
Using the evolution equations for Rm(g k (t)) and h k (t), combining the induction to q and using the above method, we have |
Generalization
In this section, we generalize the main results in Sec. 4 and Sec. 5 to a kind of generalized Ricci flow in which the local existence has been established [5] .
Let (M, g ij (x)) be an n-dimensional compact Riemannian manifold and let A = {A i } and B = {B ij } denote a 1-form and 2-form respectively. Set F = dA and H = dB. The authors in [5] proved that there exists a constant T > 0 such that the evolution equations
has a unique smooth solution on m × [0, T ), where h ij = H ikl H j kl and f ij = F i k F jk . We also call it as a GRF. Given a p-form α on a manifold (M, g) we recall the definition of adjoint operator d * of d with respect to a metric g in terms of local coordinates:
In particular,
They also derived the evolution equations of curvatures:
Under our notation, it can be rewritten as
As before, we have Proposition 6.1. For GRF and any nonnegative integer l we have
It can be expressed as
More generally, we can show that Proposition 6.2. For GRF and any positive integer l we have
Similarly, we obtain Proposition 6.3. For GRF and any positive integer l we have
From the evolution inequalities
the following theorem is obvious.
Theorem 6.4. Suppose that (g(x, t), H(x, t), F (x, t)) is a solution to GRF on a compact manifold M n for a short time 0 ≤ t ≤ T and K 1 , K 2 , K 3 are arbitrary given nonnegative constants. Then there exists a constant C n depending only on n such that if |Rm(x, t)| g(x,t) ≤ K 1 , |H(x)| g(x) ≤ K 2 , |F (x)| g(x) ≤ K 3 for all x ∈ M and t ∈ [0, T ], then (6.5)
|H(x, t)| g(x,t) ≤ K 2 e CnK 1 t , |F (x, t)| g(x,t) ≤ K 3 e
Parallelling to Theorem 4.6, we can prove Theorem 6.5. Suppose that (g(x, t), H(x, t), F (x, t)) is a solution to GRF on a compact manifold M n and K is an arbitrary given positive constant. Then for each α > 0 and each integer m ≥ 1 there exists a constant C m depending on m, n, max{α, 1}, and K such that if |Rm(x, t)| g(x,t) ≤ K, |H(x)| g(x) ≤ K, |F (x)| g(x) ≤ K for all x ∈ M and t ∈ [0, for all x ∈ M and t ∈ (0, Choosing β = γ = C, we get ∂ ∂t u ≤ ∆u + C which implies that u ≤ C since u(0) is bounded from above. The case m = 2 can be proved in the same way. In the following we assume that m ≥ 3. We define a function ≤ ∆u + C and therefore u(t) ≤ C.
We can also establish the corresponding compactness theorem for this kind of generalized Ricci flow. We omit the detail since the proof is closed to the proof in Sec. 5. In the forthcoming paper, we will consider the BBS estimates for complete noncompact Riemmanian manifolds.
